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SUMMARY

This report presents the results of an investigation of the
fatigue strength of structural lugs. The program included
both experimental and analytical phases which were used in a
complementary fashion to formulate design charts for fatigue-
loaded steel and titanium lugs containing interforence fit
liners. These lugs are representative of design practice in
highly loaded aircraft applications, particularly that found
in helicopter blade attaching systems. A primary element in
the analytical study was a twc-dimensionaJ stru-..turai analy-
sis of lug configurations, which was done by finite element
methods using a computer program. This computer program is
published in Volume II of this report.

The design charts presented will permit the designer to
rapidly select lug proportions in either steel or titanium
that will satisfy structural requirements for a range of
steady and vibratory loading. The designs are considered
to be particularly applicable to helicopter rotor and control
systems.
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FOREWORD

The results of fatigu. tests and analyses of lugs are
contained in this report. The computer program used for
the analyses is presented in detai. in Volume II. The
project was performed under Contr;•t DAAJ02--67-C-0066,
Task 1F162204A14601, and was under the goneral technical
cognizance of Mr. Joseph H. McGarvey of the Aeromechanics
Division of USAAVLABS. This contract provided for a unique
combination of experimental and analytical efforts to
construct damign oharto for steel and titanium lugs in.4ain-
ing liners.

The report consists of two volumes:

Volume I, Results

Volume II, Computer Program Used for Analyses

The tests were conducted in the Structural Test Laboratory
of Kaman Aerospace Corporation. The authors wish to
acknowledge the contributions of Mr. Hector E. Pelletier,
Group Leader# Structural Test, and Mr. Edward R. Luff,
Structural Test Engineer, to the successful development of
the test rig and to the timely completion of the test
program.
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i ~~LISRT (UrI SYMMSl~f

C1,C2 parameters ror idealitzed atres,,vermus-loAd
andl relationship
C 3

d inside diameter or liner, in.

D diameter of lug bore, in.

E Young's modulus of' elasticity, kul

f internal (or calculated) stress, kui

fa alternating tangential stress in the lug, ksi

fj tangential stress in tho lug caused by the initial
interference tfit. between the lug and the liner, ksl

fg bearing stress (11/OT) that causes the radial stress
between the lug and th. liner to become zero on the
side opposite to the direction of loading, kni

fm mean tanqential strass, kai

PFa allowable alternating tangential stress, kei

FM allowable mean tangential stress, ksi

H edge distance fo" rectangular luq, in.

i diametral interference between lig and liner, in.

k one-sided tolernace factor for sample

Kbr stress concentration factor for tangential stress from
mechanical load. It is the ratio of the maximum
tangential stress in the lug at the bore to the
average bearing stress, P/DT.

Ki factor for tangential stress from interference fit.
It is the ratio of the tangential stress in the lug
at the bore to the tangential stress fr:om the Lame
solution for thick-walled cylinders with diameters d,
D, and W, and interference i.
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Kr factor for radial atroom from mnchanical load. it In
ratio of the average radial stroes over a 90-degree arc
of the bore of the lug in a position approximately
opposite to the direction of loading to the avoraqe
bearing stress, P/DT.

Kt stress concentration factor for tangentinl stress from
mechanical load. It is the ratio of the maxImum tan-
gential stress in the lug at the bore to the average
tensile stress at the net voction of the lug,
P/T(W-D).

n sample size

p probability of failure

P applied load, kip

R ratio of minimum load to maximum load

a load ratio for axial load

Rt load ratio for transverse loid

T lug thickness, in.

Y confidence level

o angular positione deg

Of angular position at which failure occurred, deg

Op anqular position of load, deg

so angular position of maximum tangential stress, deg

W width of lug, in.
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DIECUSSION

Many applicatiozam of single-pin structural connections can be
found in modern machines and structures. The static strength
design of such joints for aircraft has been the subject of a
number of studies and ham been refined to a considerable
degree. Some of the most stringent requirtimeiuts for connec-
tions of this type can be found in helicopter rotor and con-
trol systems where high vibratory loads are superimposed on
steady loads and the design must have a high level of reli-
ability at minimum weight in this fatigue environment. Large
safety factors are not practical. Because of the sizo and
cost of components, it is desirable that they provide long
and uninterrupted service installed on the helicopter. The
design of major ctmpoaentv to meet these goals is approached
in a variety of ways in the helicopter industry.

Tho objective of the present program is to provide background
data and analysis leading to the creation of a design criter-
ion lor fatigue-loaded lugs. A coordinated experimental and
analytical approach to tha problem was considered to offer the
greatest prodlise for achieving a practical and successful
result. Since it is the long time endurance of lugs that is
of most interest, it was decided that a test program which
directly evaluated this cheracteristic, together with a struc-
tural analysis that would evaluate the test results in terms
of the basic stress levels involved, would be required. To
this end a fatigue test program was instituted following the I
Steop Method outlined in reference 1. Test specimens were
designed to be representative of the helicopter design prac-
tices, and a 1-inch-diameter pin was chosen as a compromise
between rotor and control component size. The investigation
was treated as a two-dimensional problem since all specimens
were loaded in the plane of the lug, which had a uniform 1/2-inch thickness. Pin bending was therefore of constant low
order throughout testing. The supporting analysis used a two-
dimensional computer program u!tich calculates stresses every-
where in the lug. The computer program, Volume II, uses the
matrix displacement method in which the structure (lug) is
idealized as an assembly of finite-sized structural elements.
From input data which describes these elements and the loading
conditions, the computer determines those deflections which
will satisfy equilibrium and deflection compatibility at the
junctions of the elements. .?rom these deflections, the com-
puter then calculates the stresses in every element. Magni-
tude and location of failure stresses for all lug config'ira-
tions were calculated and provided a basis for creation if the
lug design criteria.
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TEST PROGRAM

SPECIMEN DESIGN

The specimens were machined from 43,. steel heat treated to
175 kai minimum tensile strength and from titanium alloy, Ti-
6AL-4V, annealed, with tensile strength of 130 ksi. These
alloys were selected as being representative of many of today's
critical lug applications as well as those to be deaiigned in
the foreseeable future. This choice also permitted a direct
comparison of these two materials, which are often considered
to be competitors for a particular component, when used in
structural applications. In this case the comparison would
be on the basis of material strength in the presence of design
and shop practices used in helicopter rotors and would include
the deleterious effects of fretting, making the comparison all
the more interesting.

As a guide in the choice of lug geometry to be evaluated, a
review of some typical lug configurations was conducted.
Table I lists the pertinent dimensional data for typical lugs
of various sizes. Each represents a critical application, and
as such, some level of protection of the lug is provided. A
liner or bushing is press-fitted to the lug bore in all cases
except those which act as bearing housings, where the bearing
outer race provides essentially the same function. The liner
acts to protect the lug from inadvertent damage during assem-
bly or disamsembly operations, to minimize fretting of the
basic lug tjnnion material, and to preload the net lug cross
section. The latter two functions are provided thrcugh the
mechanism of press-fit of the liner. A permasently installed
liner can be assembled in the shop with a much higher inter-
ference fit than would be practical for pins or other elements
that are field-installation items. This high interference in-
duces a roughly uniform radial pressure on the lug-liner inter-
face which apparently inhibits the relative micro-motior be-
tween the two parts. This same radial pressure produces a ten-
sion load on the net section of the lug. The tension load is
always present as a preload of the lug and, therefore, acts
to reduce the stress range that results from subsequent appli-
cations of external load through the pin.

Interference Fit

The preloading effect resulting from interference fit can best
be illustrated by an example. Consider a lug of modest edge
distance that has a liner interference fitted to the bore. A
load applied to a pin that is closely fitted to the liner is

2
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reacted by the lug and causes a variation in stresses through-
out the lug. The stress of interest is that associated with
the origin of fatigue failure of the lug at the most critical
point on the bore. The variation of this stress with applied
load is shown in Figure 1. The applied service loading con-
sists of a steady and superimposed vibratory load, as is
typical of most helicopter applications. The range of applied
load is from Pmin to Pmax in Figure 1. The corresponding
stress variation for a p ain lug that does not have the bene-
fit of preloading would follow the dashed line and would
produce a stress range from fl to f2 - Introduction of the
interference fit liner induces a preload on the net lug section
and produces an initial stress, f at the critical point on
the lug. Subsequent application of external load through a
pin will produce a stress variation following the solid line
in Figure 1, and the same load range Pmin to Pmax will now
produve a stress range from f 3 to f 4 - It is clearly seen
that the alernating component of stress is substantially
reduced by the preloading effect of the liner. There is an

0 f
i4N

0 0 f
f 3-
2  f

4.e f0

4) 0

0
0 min Pmax Applied Load

Figure 1. Variation of Critical Lug Stress
With Applied Load.
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accompanying increase in the mean stresL level due to pre-
loadingi howevert its influence is far less than that of the
alternating component. Higher applied loads may, of course,
exceed the induced preload, in which case some of the benefit
will be lost. This discussion has dealt only with the
str6sses resulting from interference and applied load but
ignores other sources of stress such as machining, heat treat-
ing, or cold working which will merely modify the mean stress
but leave the general conclusions unchanged. Since the de-
gree of press fit or interference between lug and liner di-
rectly affects the preloading and subsequent fatigue perfor-
mance of the lug, it was considered worthwhile to evaluate
the effect of varying interferencel this was treated as a
parameter in the test program.

The interference fits shown in Table I range from .0002 to
.0056 inch per inch of diameter. When componunts must be
assembled in the field, interference fits are usually avoided;
however, when assembly is done in a well equipped shop, substan-
tial interference may be obtkined with relative ease. Usually
the process is assisted by applying heat to the lug to expand
it and cooling the liner to shrink its diameter. The temper-
ature differential that is attainable may be limited by the
choice of materials and their allowable heat range. When
shot-peened parts are involved, care must be taken not to re-
lieve the beneficial residual stresses that are present. For
the most critical applications the maximum benefits of inter-
ference fit will be sought, while for less critical joints the
more easily obtained levels of inteLference are employed. The
highest interference shown in Table I for a steel lug is .0031
inch per inch of diameter. For lugs used in this program
with a 1.18-inch bore and using 3500F as the upper limit for
lug temperature and -3200 F as the liner temperature attainable
with liquid nitrogen, it is possible to achieve an interference
of approximately .0050 inch. In order that the range of inter-
ference investigated would represent practical levels attain-

able and commonly employed, a low level of .0010 inch was
chosen for comparison to a higher level of .0040.

In reference lCe Ligenza suggests the existence of an optimum
level of interference beyond which lug fatigue strength would
be decreased. The loss in strength is attributed to the high
levels of steady stress that occur and the corresponding re-
duction in allowable vibratory. This type of relation is
usually thought of in terms of a Goodman diagram wherein
steady stresses approaching the ultimate strength may be ac-
companied by only low vibratory stresses. In the came of the
lug materials used in this investigation, relatively high
ultimate strengths are available and the percent of ultimate

5



achieved with interference-fitted liners is relatively low, on
the order of eight percent. It is therefore concluded that
lugs of the proportions investigated here will continue to
accrue benefits from press fit up to the maximum levels that
can be achieved.

Shot-peening

For a further improvement in their fatigue performance, all but
one of the lugs listed in Table I are shot-peened. The bene-

fits to be gained from this cold-work operation have been well
documented in the literature; the benefits are particularly
outstanding in the presence of fretting. Consequently, the
incorporation of shot-peening or other cold-work operation
for critical joints and fittings has become commonplace in the
helicopter industry. It is therefore concluded that a design
guide intended for use by helicopter or V/STOL designers
should be based on tests of specimens which include shot-
peening and press-fit liners.

For these relatively heavy section high-strength lugs,a shot-
peen intensity of 12 - 14 A2 was chosen using SAE 330 shot
size. This choice is based largely upon recommended practice
and satisfactory experience. In order that coverage of the
surface be uniform and complete, one process that has been
adopted involves determination of the peening duration which
yields 98 percent coverage within a unit area. This duration
is then repeated three times for each part that is peened, and
the resultant performance of such parts has been found to be
excellent.

In an actual service environment, shot-peening serves another
very important ftuction. The introduction of a constant
high-tensile stress in a critical component by preloading or
interference fit has been known to cause or accelerate stress
corrosion. This phenomenonwhich is a function of the envi-
ronment and is time dependenthas caused catastrophic structur-
al failures. The existence in close proximity of high-tensile
stress levels and corrosive media invites the inception of
stress corrosion. Shot-peening produces a surface layer of
compressive stress approaching the yield strength of the
material, which is of sufficient magnitude to negate the pre-
load induced tensile stresses. Susceptibility of the com-
posite design to stress corrosion is therefore greatly dimin-
ished, and many lugs of this design have enjoyed completely
successful service use. The influence of interference fit
in reducing stress range is still present and fully effective
for shot-peened parts.

6



Widtn-to-Di ameter Ratio

Table I also shows the width-to-diameter ratio, W/D, for the
example lugs; the values are seen to range from 1.16 to 2.10.
Since the lugs in the table, with one exception, have a cir--
cular outer edge concentric with the hole, the lug bore is
surrounded by a constant material thickness. Therefore, in
cases where it is more convenient to consider luqs in terms
of edge distance, the data of Table I can be converted to edge
distance ratio by dividing the W/D ratio by a factor of 2.0.
The range shown is t!iought to be typical of critical highly
loaded lugs designed for minimum weight. The lowest W/D
values are for lugs which form housings for bearings; there-
fore, they have a larger bore than might otherwise be neces-
sary. To provide specific test data in the area of most
interest, values for W/D of 1.30 and 1.69 were chosen as the
configurations to be tested. The detailed design of the lug
test specimens is shown in Figure 2.

Load Direction

The direction of loading of the structural lugs which form a
part of helicopter rotors is often not in line with the axis
of symmetry of the lug. Small deviations can be introduced
through articulation of the blades; however, much larger
angles of load dissymmetry can be found in control system lugs.
For example, a typical bellcrank or walking beam clevis will
usually be loaded 900 to the axis of symmetry. Other design
conditions will be very similar to those for a major rotor
component, and much of the above discussion is therefore
applicable. To evaluate the influence that load orientation
has on lug fatigue strength, it was decided that three spe-
cific orientations should be investigated. Those chosen were
00, 450, and 90* referred to the lu axis of symmetry.

Load Ratio

Helicopter rotor and control system loadings generally consist
of one substantial steady load with superimposed vibratory load.
The steady load is derived from centrifugal force either di-
rectly as in the blade retention system or in the form of
pitching moment reacted by the control system. The vibratory
loads, though substantial, will not in the majority of cases
exceed the steady load. It is therefore seen that the fatigue
cycle for a typical helicopter lug will be a tension-tension
type of loading which does not experience load reversal.
Accordingly, the load cycle chosen for this study program
utilizes a load ratio, R, (Pmiin/Pmax) of 0.10. This ratio is

7



ON ALL. 3URFCES LUG OUTER RADIUS .___02INSDEF THIS AREA (SEE IDENTIFICATION TABLE) 250 [50
/-PREDOMINANJT GRAIN FLOW To

BE E5ENTIALLY AS SHOWN

-.060 R .g9

1.1856
LIM0 £IA LIO

1.00
1.50 R .1625LI

2.625 AS&

44

IDE

3.696-A HOLES TO BE WITHIN .002 OF
ý*-,.500TRUE POSITIOFII SHOT PEENING

31000--OPTIONAL IN THESE HOLES WITH
INCOMPLETE COVERAGE PERMISSIBLE

.500-0
.495

GENERAL NOTES:-

I.MAGNETIC PARTICLE INSPECT OR PENETRANT INSPECT AS APPLICABLE.

2. PARTS TO BE SERIALIZED.
3. SHOT-PEEN LUGS ALL OVERq SH-OT SIZE SAE 330, INTENSITY( 12-14A,?.

ALL CORNER RADII TO BE .060 BEFORE PEENINGO
4. TADMIUM PLATE LINERS PER~ SPECIFICATION QQ- P-416 TYPE TI, CLASS 3 (0002-.0003 THK).
5. ASSEMBLE BUSHING 6 LUG AS FOLLOWS:

LOWER TIMP OF BUSHING TO -300-F AND RAISE TEMP OF LUG TO +350*F.
WHEN PARTS HAVE STABILIZED, PRESS BUSHING INTO LUG.



02 LUG SPECIMEN IDENTIFICATION TABLE
00

IDENTIFICATION LUG LUG LINER ACTUAL
NUMBER MATERIAL OUTER OUTER DIA INTERFERENCE AFTER

RADIUS AFTER PLATE SELECTIVE FIT

S,, 5z, 53 STEEL 0.767 1.1878 G.C34/.O042

R .9985 DIA 54, STEEL 0.767 1.1848 .000, /.000I
- .999(- 55, S6 STEEL 1.000 1.1882 .0045 /.OD46

-3r"'- MACHINE .5. STEEL 1.000 1.1848 .Oo0q/.OolO

AFTER A55YT T1i, T2, T3 TITAN IUM 0.767 1,18 78 .00391.0042
IOOR T4 TITAN I UM 0.767 1.1858 .0020/.4024

-LINER Ts, T6 TITANIUM 1.000 1.1898 .0058/.0063

ASSEMBLE PER NOTE 5

ASSY MATERIALS: -

STEEL LU6S 4340 STEEL BAR, MIL-5-5000
SEE SPECIMEN HEAT TREATED TO 175 Aai MINIM•W
IDENTIFICATION TADLE TITANIUM W6S ri"6 AL-4V TITANIUM ALLOY, NIL-T-9047

FLATIN& OPTIONAL CLASS 5, ANNEALED
THI 15 IA

STEEL LINERS 4340 STEEL BAR, MIL-S-5000

/0 9 IA HEAT TREATED TO 150 kiMINIMUM

"500
.495 15 ) 450*5 CHAMFER

BOTH ENDS

L ... •L'

0 1 2 3 4

SCALE-INCHES
-. 0003 THK).

Figure 2. Design of Lug Teat Specimen.
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considered to bs representative of the more critical helicop--
ter lug ap lioatLnm and to give results that will be useful
for the desiq• of structural lugs for helicopters. Other
load ratiox wora not investigated in this program.

In numuary, ith toot program was designo~d to evaluate two
materials, two edge distance ratios, throe load orientations,
and two levels of interference fit. The specific combinaUtons
to be tooted and the specimen designations are depicted in
Table 11.

TABLE 11. LIG TEST SPECIMBN CONFIGURATIONS

Load Direction Identification Number
W/o Interference "i-

0 45 90 Steel Titanium

1,30 High X S1 Tl
X S2 V

X S3 T3
Low X S4 V24

1.6`1 High X S5 T5
X S6 T6

Low X S7

SPECIMEN FABRICATION

Since the test program was to evaluate the influence of a
number of subtle design variations on the fatigue strength of
lugs, It was i.pparent that a number of teats of each config-
uration would be requilad. Suca, replications establish con-
fidence both iin the test results and in the controls over the
tost procodures despite the probable scatter resulting from
any fatigue test. Therefore, it was decided that 5 replica-
tions for each configuration would be required. Since the
test plan called for 13 configurations, 7 steel and 6 titanium,
it was apparenit that a minimums of 65 specimens must be tested.
,tn reality, 74 specimenh were failed in this program by step-
testing at increasinq vibratory loads until failure.

To preclude the introduction of extraneous variables that
might produce erratic results, a number of controls were

L11
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instituted for the fabrication of specimens. For each alloy,
all material was taken from a single heat of that alloy, all
lugs were machined by one vendor as a single production run,
.11 steel ligs were heat-treated as a single batch, all spec-

imens were shot-peened in a single setup, and all bushings
were inserted by the same personnel using heat to expand the
lugs and liquid nitrogen to reduce bushing size ad to ease
installation. A final touch-up machining operation was in-
cluded to rebore the bushing inside diameter and to restore
circularity. As an added precaution, a special engineering
inspection of bushing outside diameter and lug bore was
conducted just prior to assembly. Pairing of bushings and
lugs was chosen at that time in such a way as to minimize
variations in the resulting press fit for all lugs of a
particular configuration. For most configurations the varia--
tion in interference was on the order of 0.0002 inch. Slight
variations to the above controls were introduced by the need,
discovered late in the program, to provide supplemental tita-
nium lugs. These were largely supplied from spare lugs and
material from the original lot, and no apparent scatter or
deviations were attributed to the supplemental lugs.

A view of finished lug specimens with liners installed is
shown in Figure 3.

12



Figure 3. Finished Lug Specimens With
Liners Installed.

TEST APPROACH

To put the "design criterion" resulting from this program on
as firm a basis as possible, it was desired to generate test
results specifically for this purpose. The test specimens
were designed to represent the practices most commonly encoun-
tered in fatigue-loaded lugs in helicopters. The characteris-
tic of most interest for helicopter application is the fatigue
strength of the lug, or the load that the lug will endure for
a very large number of cycles. A direct test approach for
measuring this characteristic is the "Step Method", wherein
each specimen is subjected to a fixed number of cycles at a
given vibratory load level before the load is increased to
the next level. For the present program and materials, ten
million cycles was chosen as the endurance level at which
strength was to be evaluated. The size of the load level
steps was chosen to approximate five percent of the estimated

13



lug endurance stress; however, this was influenced by test
results and a desire to maintain consistent step magnitudes.

The "Step Methodw is sometimes criticized because of the
potential influence of "coaxing" on test results. Such an
influence has been demonstrated as a strength increase for
some alloys but also as a strength reduction for others. The
opportunity for a significant strength increase to occur in
the presence of fretting during application of low stress
amplitudes seems quite remote. More importantly, any long-
lived lug in a helicopter structural application will endure
many cycles of stress levels below the endurance limit through-
out its service life. In fact, it is important to have the
fatigue strength of lugs determined in the presence of signi-
ficant fretting in order that this phenomenon and its
deleterious effects will be fully included and accounted for
in the final design criterion.

TEST APPARATUS

Since it was the fatigue strength of lugs that was to be eval-
uated, and the test technique chosen was "step-testing" in
ten-million-cycle steps# it was obvious from the outset that
a very large number of stress cycles would be accumulated
during this program. To accomplish this task expeditiously
it was desired that the test rig employed be capable of a
high rate if cycle accumulation, with preferably more than
one specimen at a time. Peak load levels of approximately
25,000 pounds were anticipated. Review of commercially avail-
able equipment revealed that an apparatus capable of meeting
these requirements was available but that a substantial capi-
tal investment would be required. Also, a single machine of
this type would provide a single load path and would not be
capable of testing more than two specimens simultaneously.

TEST RIG DESIGN AND ANALYSIS

Study of possible alternatives led to the concept shown
schematically in Figure 4. In this arrangement, a central
loading cylinder is used to apply a separating force to two
beams. Two symmetrically disposed load paths are incorporat-
ed with two specimens in each path. A calibrated load link
serves to connect the specimens and provide the necessary
strain signals for monitoring the test load. Steady loads are
introduced to the specimens by pressurizing the load cylinder
and developing equal tensile loads in the calibrated links.
Vibratory loads are introduced to the specimens by

14
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exciting this system at one of its natural frequencies and
utilizing beam inertia to produce a vibratory load in the
calibrated links. Excitation is provided by an electromag-
netic shaker and the vibratory load produced is superimposed
on the steady load. Controls of steady and vibratory loads
are independent, the steady load being controlled simply by
cylinder pressure and the vibratory load being controlled by
either excitation frequency or power to the exciter. Ampli-
tude of shaker table motion could be kept within acceptable
limits by the choice of exciter location along the length of
the beam. Loads could be applied to the specimen at any
desired angle, Op, by use of appropriate mounting brackets to
the beam flange as illustrated in Figure 4.

Since the general arrangement seemed to offer many desirable
features, a detailed analysis and design of the system was
undertaken. To this end a general, contractor developed com-
puter program called General Influence Coefficient (GIC) was
utilized to calculate natural frequencies and mode shapes.
Beam properties were chosen from those published for standard
size commercially available structural shapes. Beam mass and
stiffness were well known; however, it was necessaxy to esti-
mate spring rates for both the specimen load path and for the
central loading cylinder. Other variables included in the
calculations were beam length, specimen spacing, and the
posr 4 bility of incorporating beam tip masses. The first two
modt of vibration were of interest: one is a symmetric mode
in which the tips of a beam move in phase with each other but
out of phase with the center; the other mode is asymmetric,
with the beam tips moving out of phase and the center acting
as a node. These modes are illustrated as follows:

I •

- / SYMMETRIC ASYMMETRIC
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Both modes have the capability of producing adequate specimen
loads; however, the asymmetric mode has the additional advan-
tage of not producing vibratory loads in the loading cylinder
and, therefore, not introducing an additional source of
damping.

Natural frequencies and mode shapes were calculated for 27
parametric variations. The chosen configuration that was
designed, built, and used throughout the test program has 12
inch wide flange beams weighing 106 pounds per foot as the
main structural members. Beam length was 20 feet, and speci-
men spacing was 4 feet. With the estimated stiffnesses for
specimen path and loading cylinder, the calculated frequencies
were 57.9 cps symmetric and 55.7 cps asymmetric. The incor-
poration of a 200-pound mass at the tips of both beams
depressed the frequencies to 42.5 cps and 41.6 cps respect-
ively; however, the potential for achieving higher loads
appeared to be improved. Such a reduction in frequency would
have a significant effect on test duration and economy; there-
fore, it was considered that as much testing as possible
should be completed without added mass.

RIG DEVELOPMENT

The apparatus described above was set up and operated in a
horizontal plane as shown in Figure 5. Each beam was
suspended at its mid span to overhead structure, and careful
alignment was required in order to eliminate out-of-plane
bending of the test lugs. Figure 6 is a general view of the
test control station with all primary control and instrumen-
tation apparatus indicated. Figure 7 gives a more detailed
view of the specimen and calibrated link installation between
the main beams of the rig. Initial trials showed adequate
control of loads and frequencies at low values of test load;
however, at the higher levels required in the test program,
it was not possible to maintain equal vibratory loadings at
the two specimen load paths. This was independent of the
vibratory mode excited. Varying the position of the electro-
magnetic shaker changed the load relationship, and it was
demonstrated that the central loading cylinder was damping
beam vibratory motion so that the specimen path remote from
the shaker experienced substantially reduced loads. Use of
an all-metal screw jack having vertical line contact to the
beam flanges did not significantly alter this characteristic. p
The final configuration, which proved to be extremely prac-
tical, involved the use of a hydraulic cylinder which had
its contact with the beam flanges cushioned by a pad of die

17
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Figure 5. General View of Lug Fatigue Test Rig.

Figure 6. Test Control Station.
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rubber 2-1/2 inches tV2ck by 8-1/4 inches in diameter. The
durometer oZ the rubber was approximately 80.

With this configuration it was possible to control loads at
both specimen paths by slight frequenry adjustments together
with changes in exciter power. Final, shaker location was 42
inches from one end of a beam. No diss imetry was introduced
in the operation of the test rig by this location despite the
apparent dissymmetry due to shaker table mass.

Beam tip masses were evaluated in tie development program;
however, their use was rejected. The reason for this was
that the attachment of a sizable mass in the high "g" field
of the beam tips introduced significant damping and therefore
wa& self-defeating. Development of improved connections or
integral masses would no doubt c rcome this objection;
however, it was found to be unnecessary for the present pro-
gram. The test rig, without added masses, was shown to be
capable of produci..ng 18,700 pounds ±15,300 pounds at each
specimen position without overloading. Testing was initiated
at loading frequencies in the range of 50 cps to 60 cps. The
lower frequencies were encountered in testing the 45* and 90'
loaded lugs in which the specimen load path had a significantly
lower spring rate.

It was recognized that beam misalignment could introduce out-
of-plane bending to the lug specimens. This type of loading
could introduce a secondary unwanted stress which would tend
to confuse test results. Such loadings were readily eliminated
by careful alignment of the beams and verification of their
absence was provided by the incorporation of a calibrated
bending bridge of strain gages on the load link. The output
of these gages was constantly monitored however only rare
adjustments of beam alignment were required since the setup
exhiblted little tendency to produce out-of-plane loads.
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Figure 7. Calibrated Load Link and Specimens.

CONDUCT OF TEST

Once it was firmly established that the test rig operated
smoothly at controlled loads, the formal test program was
begun. Generally this meait installing four lug specimens of
the desired configuration and initiating testing at the pre-
selected steady and vibratory loads. Since all testing was
conducted at R = 0.1 (R - Pmin/Pmax), the steady load always
exceeded the vibratory load, and the system was essentially
preloaded. There was no tendency to oscillate through any
clearances that may have existed at the joints. Such clear-
ances were present at the 1-inch-diameter bolts that connect-
ed the lugs to the calibrated links. The fit of these bolts
to the inside diameter of the bushing in the lug and to the
bore of the calibrated link was 0.0000 to 0.0025 inch loose;
however, all bushings had been interference fitted to the lugs.
As a result, there was more apparent fretting between bolt
and bushing than between bushing and lug.

20



Testing was initiated by introducing the proper steady load
to the system through the central loading Jack and then vi-
brating the beams at low amplitudes. The precise resonant
frequency of the system was ascertained, and the vibratory
load was then increased to the desired level by adjusting
frequency and exciter current. Once the running conditions
were established, the machine ran virtually unattended, with
only periodic monitoring and minor adjustment of loads. This
continued until 107 cycles had been accumulated at the initial
load level. The rig was then shut down, the steady and vibra-
tory loads for the next higher level were established, and
steady running was resumed. Successive steps were accomplished
in this manner until failure was encountered. Fortunately,
failure of a lug was always preceded by a slight drift of rig
frequency and loads and final fracture was relatively gentle,
consisting of substantial plastic deformation of remaining lug
sections. When a lug failed, it was replaced with a dummy
having excessive edge distance, and testing was continued.
No noticeable change in rig frequency resulted from such
substitutiol

To apply loads to the specimens in the three desired orien-
tations, three sets of brackets were required. These brackets
were bolted to the beams and provided the four-bolt pattern
for lug attachment in the proper orientation.

Selecting initial load levels for some configurations pre-
sented some difficulty, as evidenced by the number of failures
encountered at initial load levels. Alternatively, too low a
choice resulted in extended test periods. Experience with
the parametric variation being evaluated proved to be the
best guide to load-leval selection.

One idiosyncrasy that the test rig exhibited was that at the
lower load levels encountered, it was difficult to achieve
and maintain equal loads at the load links when operating in
the asymmetric mode. Operation in the symmetric mode proved
to be more stable and dependable at low loads, probably
because of the additional damping introduced at the center
jack. Tests at the lower loadings were therefore conducted
in the symmetric mode.

TEST RESULTS

The fatigue test results are presented in Table III. The
table shows the entire number of cycles accumulated on speci-
mens of each identification and serial number. The descrip-
tion of each configuration is presented in Table !I. The
underlined numbers represent millions of cycles accumulated

21
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at the failure load level. Failures that have not been pre-
ceded by at least one ten-million-cycle runout do not repre-sent an evaluation of the endurance limit of that specimen andhence are not included in the data reduction and evaluation.
Approximately two billion load cycles were applied to 74 speci-mens in the course of the test program. A general view of thefailed specimens is shown in Figure 8. Each was metallurgi-
cally examined to ascertain the specific fatigue origin loca-1* tion and whether any other factors may have influenced thefailure. Only one specimen (configuration S5, serial number 1)
failed in an invalid manner, resulting from fretting contactwith the clevis of the calibrated load link. All other speci-mens had valid fatigue origins on the lug bore.

Location of the fracture around the circ-jmference of the borewas strongly influenced by the orientation of the appliedload. Figure 9a shows three specimens that were subjected todifferent load orientations and the accompanying frettingpattern on the lug bore. In each instance the primary frac-ture appears on the right in the picture. It will be notedthat in each case the fracture is associated with an area ofheavy fretting. Examination of the complete lug bore revealedthat in each case the lug fracture occurred within the area ofmost severe fretting. Figure 9b illustrates the character of
the fracture of specimen S-3, serial number 9 including thelocation of multiple fatigue origins. Figure 9c shown a typi-cal liner crack and the pattern of fretting that occurred be-tween bolt and liner. Exact anqular position of each fracturewas carefully determined so that this position could be corre-
lated with calculated stresses. Table IV presents the averagelocation of priTmary fracture surface for each configuration interms of the angle 0 measured from the lug axis of symmetry.The usual range of observld failure locations for a singletest configuration was 15", with only one configuration having
a range of 25'.

The fracture location is seen to have a fairly consistentrelation to load orientation. For the axially loaded speci-mans, rudimentary considerations would anticipate failure at
the net section of the lug, the 900 position. Table IV showsthat in fact all axially loaded configurations failed at angu-lar locations that exceeded 900 in an area significantly re-moved from the minimum cross section. Obsei-vation of failed
specimens showed that the failures were invariably associatedwith the site of heavy apparent fretting. The fretting pat-
tern on the lug bore of the axially loaded specimens showed
essentially no frettinq in the center of the applied load zone.At the 90 position, only light fretting was apparentl how-aver, the area of heavy fretting, characterized by much darker
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Figure 9b. Closeup of Fracture Surface,
Specimen S3# Serial No. 9.

Figure 9c. Typical Liner Crack and Fretting
Pattern.

surface and debris deposits, usually began at an angular
position just beyond the 900 point. The fatigue origins
were within the area of heavy fretting. The edge of the area
of heavy fretting was slightly influenced by the level of
liner interference, high interference causing the area of
heavy fretting to occur at slightly larger values of 0.
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TABLE IV. LOCATION OF PRIMARY FRACTURE SURFACE

Angular Position (deg)*

Load Fracture
Configuration Orientation Orientationep Of**

Si 0 108
S2 45 146
S3 90 157.5
S4 0 102
S5 0 102.5
S6 90 154
S7 0 104

T1 0 105
T2 45 140
T3 90 156
T4 0 109
T5 0 98
T6 90 155

Measured from lug axis of symmetry.
, Fracture orientations listed are average. Maximum spread

from average was t 12.50.

The location of the fatigue origin with respect to the thick-
ness of the lug was also carefully noted. Pin bending could
be expected to concentrate load and stress near the edge of
the hole at the lug faces. All hole edges had a 0.060-inch
radius, and contact with the liner therefore began at the
tangency point of this radius with the lug bore. The general
location of fatigue origins was 1/16 to 1/8 inch in from this
tangency point toward the center of lug thickness. However,
a sufficient number of specimens had origins at or very near
the center of the specimen to verify the original supposition
that pin bending was of low order and not of significance in
test results. This same observation provided a further dem-
onstration that the test rig did not introduce bending to
the specimen.

30



Of the 74 specimens failed in fatigue, approximately one-half
exhibited cracks in the liners upon posttest examination.
These cracks originated at the inside diameter where generally
heavy fretting-occurred between pin and liner. Most liner
cracks penetrated the wall thickness; however, some were
limited to only a small portion of the wall and did not reach
the liner-lug interface. The potential influence of this
phenomenon on lug performance was constantly monitored In
general, the liner cracks, which emanated from the site of
heavy fretting between pin and liner, occurred at angular
orientations of less than 901 for axially loaded specimens,
while lug fractures were at locations in excess of 90 0 The
possibility of a direct influence under these conditions
seemed remote. In addition, a special review of test results
was conducted for the purpose of revealing whether any influ-
ence from liner cracking was apparent. The review showed that
the performance of specimens with cracked liners was thor-
oughly intermixed with that of specimens in which the liners
did not crack. No pattern was discernible, and it was there-
fore concluded that cracks in liners had no apparent influence
on lug strength. It must be remembered that.. all liners in
this program were interference fitted to the mating lug and
were therefore in a geaeral state of compression. Under these
conditions, the opportunity for liner relative motions to
cause damage to the lug bore is minimized. The fact that the
liners themselves cracked under these conditiuns is probably
attributable to the tangential stresses generated by surface
tractions in the heavy fretting area between pin and liner.

The test results presented in Table III are analyzed and cor-
related to theoretical stress calculations in a subsequent
section of this report. These results are then used as a
guide in establishing design charts for fatigue-loaded lugs.
The preparation of these charts makes use of the ultimate
strength of lugs. To calculate the ultimate strength of ti-
tanium lugs, it was assumed that the curves presented inreference 2 for steel lugs also applied to titanium lugs.
This assumption was found to be consistent with the results,
shown below, for two static tests that were made on titanium
lugs loaded transversely, Op = 900.o

Ultimate Load, kips Percent
/Test Calculated Error

1.3 26.50 25.01 -5.6
1.69 44.27 46.18 4.3
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TEST INTERPRETATION

METHOD FOR CALCULATING FATIGUE STRENGTH

A method was developed for calculating the fatigue strength
of lugs subJecttd to a large number of load repetitions
greater than 101. The method is based upon simplifying
assumptions, idealized models, an idealized stress-rersus-
load relationship and allowable stresses deduced from corre-
lations of the method with results from fatigue tests of
lugs. Each basis is reviewed in the following sections.

Assumptions

There are five principal assumptions:

1. The allowable fatigue strength for a material of
given composition, heat treatment, and surface
treatment can be defined by a constant-life line
on a modified Goodman diagram, which is plotted
using only tangential components of elastic
stresses in the lug at the bore.

2. Some stresses may be omitted from the detailed
calculation of alternating stress and mean stress.
These omitted stresses include residual stress
resulting from shot-peening, and frictionally
induced stress from relative motions between the
lug and the liner.

3. The effect of the omitted stresses upon the
fatigue strength of the lug can be accounted for
by using a conbtant-life line established from
fatigue tests of lugs.

4. The stress versus load relationship does not
change during the life of the lug.

5. The stress versus load relationship can be defined
by three straight-line segments.

Idealized Models

Figure 10 shows the stress-versus-load relationship for four
different types of lugs. The solid-line curve corresponds
to a typical real lug containing an interference-fitted liner
with a closely fitted pin. The dotted lines correspond to
three idealized lugs, each containing a closely fitted liner
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Description

Case 1 - Radial and tangential stresses
exist between the lug and the
liner. This corresponds to
brazing the liner to the lug.

Case 2 - Only radial stress exists be-
tween the lug and the liner.
This corresponds to rubber-

Scementing the liner to the lug.

gap P Case 3 Only radial compressive stress
exists between the lug and the
liner. This corresponds to a
perfectly greased liner.

p
/ / Case 3

//
/// /"

/n A* / 'Case21

f i // /spend to tho idealized
S//////cases* Notes There is

/•j//no interference between
S..... the lug and the liner.

Load

Figure 10. Stress Versus Load for Lug.
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with a closeLy fitted pin2. T1'hna ildna&L Wd casem are shown
bocause thay amsist in thm oxpilnat'ion or th, (ohnrAote*Irtaio
concavo shape of tho curve for tCho ioa lug. 'I'he ooncave
chaps has a very Important r. fe•t L)•l tC.he ratigle £b0t1forlT-

ance of tho luq.

Conisider the streas-versus-load curve as the leon is in-
creasmd gradually. Initially, at zero load, there is a high
radial compressive atreus caused by the interferenoe fit be-
tween tho lug and the liner. Thiu radial nmraessivo stress
generates the lug preload stress, fi, and mito allow. a tan-
gential ti Wction force to be davoloped. For low loads, the
friction force prevents relative motion between the lug and
the liner so that they act an a unit. Thus, the initial
slopt of the curve is parallel to tho dotted line for Came 1.
An the load is increased, the radial stress between the lug
and the liner decreases on the side opposite to the direction
of loadingl and at vome load, the friction forco is not cap-
able of preavnting relative motion. slipping then occurs,
a..d the slope of the curve steepens and gradually approachas
that of Case 2. At some higher load, the radial stress be--
tween the lug and the liner decreases to zero on the side
opposite to the direction of loading. Then a qap opens. As
the load is increased further, the gap widens, aW' the curve
approaches the straight line for Case 3.

Figure 10 also shows the stress-versus-load curve as the
load is decreased. Ir general, this curve is similar in
shape to the curva for increasing load, but it in displaced
because of fr.ction between the lug and the liner. For the
second and subsequL'ent cycles of loading, the relationship
tends to follow the decreasing load curve for the first
cycle. However, the stress- .arus-load relationship will
grad.ally change during the Aife of the lug because of
changes in the friction between the lug and the liner as
fretting occurs. Such changes blur the stress-,,ersue-load
relationship and make it appear to be a band rather than a
line.

The curve shown in Figure 10 becomes more convenient for
quantitative description and more useful for comparisons be--
tween lugs if the load P is divided by the beating, DT. The
result is a curve of maximum tangential stress in the lug at
the bore versus bearing stress. The same ph.sical interpre-
tations presented for the stress-versus-load curve also apply
to the new curve.

34



Idea~ iled ,'lt~roass-,ex'eu5a-los1 j1N~ttonmhI•5

jl,•qulte II sthowa the Ideal ieod at-imas,-vt jiln-load oelatitlonship

uael herein. Thils relationship retatins the essential cncave

shape of the aotual ste.a-verous-load ouvive tieing only thriea
straight. Lin segnVmnts which at-e defined. by six parameters.
Three p)aramteters deL)eM only tlpon eleati' streaseo. 'rhoae
ar

Kb r -StrOss oon,1ant1rAtton factor for tanigential strons.
It is the ratio of the maximum tangential stress in
the lug at, the Ix)re to the average bearing stess,
11/DT. Kbr was cAlculatod using the Idealyzation
shown in FPigure 10, ("ase 1.

fl Tangential atress in the lug Oaused by the initial
intorterence fit between the lug and the liner.
fj was caloulatei usinq the idealization shown in
Figure 10, Case 1.

f Bg earing streams (P/D) that causes the radial stress
between the lug and the liner to become zero on the
side opposite to the direction ot loading. f was
calculated uting the idealization shown in Fi&uro 10,
Case ".

The above parameters can be calculated from the geometry and
the elastic properties of the materials. Procedures for
making such calculations are described in detail in the sec-
tion titled Analysis Procedure.
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Figure 11. These parameters were determined from the re-
sults of fatigue tests performed in this program. It was
found that

C1 I- 1.3

C 2 W 0.8 - (180 - p ) (71/D) 2

C 3 = 2.6

produced a good correlation of the fatigue test data with a
reasonable Goodman diagram for the materials over a wide
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"range of tett conditions for both steel and titanium lugs.
The parameters C1 , C2 9 and C3 may be regarded as arithmetIcal

tools for introducing concavity into thi stress-versus-load
relationship. However, it is also possible tc attach phyai-
cal meanings to these parameters. C1 can be regarded as a
factor which corrects the gap-forming load, f•, foe the
effects of friction between the lug and the ilner. C2 and C3
are also correctionm for the effects of friction between the

lug and the line5. In addition, C2 contains a term
(180 - p) (71/1)) which was introdlced to account for the
observed fact that the presence of a press fit can prevent
fretting at the location of calculated maximum stress and
can cause the failure position to shift to another location
where the calculated stresses are lower but the fretting ir
more severe. This effect appears to be more pronounced for
axial loads than for loads at other orientations. For this
reason, the factor (180 - OpI was introduced.

The use of parameters such as C1 , C2 , and C3 to account for
friction effects greatly simplifies the analysis because
their introduction eliminates the need to calculate frIction
forces and slippage zones between the lug and the liner.

CORRELATION OF THE METHOD WITH TEST RESULTS

Mod.'fied GoodmanDi~~a

The proposed method allows all tests to be compared on a
cormwon basis, namely, the computed tangential stress in the
lug. If the computed stresses for all specimens of tho sams
life and material were found to lie near a single line un a
modified Goodman diagram, confidence would be established in
the validity of the method. 17he line itself could be re-
garded as a characteristic strength property of the material,,
and the line could be used with the method to predtct the
fatigue strength for lug configurations for which no tests
have been made. This section reports the reaults of such
comparisons and establishes characteristic probable strengths.

In order to calculate stresses, it was first necessary to
establish for each test the load that would cause failure in
10 7 cycles. The raw test data gave a sur7-ival load at which
the specimen did not fail after 107 cycles, and a higher load
which did caus6 failure after less than l07 cycles. One c;m-
man procedure is to assume that the load fir failure in 10?
cycles is the average of the highest survival load and the
failure load. Such a procedure does not acknowledge that the
strength is higher for a specimen that nearly survives the
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.Lart 10 cycle step than for a specimen that fails soon after
the failure load is applied. For this reason, an alternativ.
procedire was used in this program. The load for failure at
107 cycles was determined by interpolation, using the procedure
shown in Figure 12. The modest adjustmients introduced had no
effect on general strength levels but did tend to smooth the
reduced data.

'-Failure :

-------- - - ----. Estimated fatigue strength
- -of specimen tested

S~Consecutive successfully
1* completed runouts

a -LoadE- Increment

103 4 0 5  106 107

Cycles

Figure 12. Interpolati-•n Prccedure Used to
Find Load for Failure at 107 Cycles.

Using loads so determined, stresses were calculated for each
test specimen that survived at least one step of 107 cycles.
The method by which stressex were calculated is described in
the section titled Analysis Procedure. A parametric study
was made to determine the values for Cl, C2 , and C3 that
would produce reasonable lines on a modified Go ddman diagram.
The valuem C1 - 1.3, C2 - 0.8 - '180 - ) (7i/D)s, and
C3 - 2.6 ware selected as best and were used to prepare the
moditied Goodma.i diagrams shown herein.
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F,.4ures 13 and 14 show the modified Goomnan diagrams for the
tests c- steel and titanium ltgs, respectively. Eich point
shown in these figures corresponds to the calculated elastic
stress for a fatigue te.et. It cý,',i' be seen that the individual
points for terts of the same type follow a definite pattern.They fall approximately on a line with - stqoap positive slope.
Thi•' patter~n is the natural consequence of scatter in a testprocedure which mainta, ns R - .1 for al,,l load cycles. The
pattern should not be interpreted to indicate that thb
material strength property is such that the alternating stress
to cause failure incrersei wl-'.h inca-es.•ing mean streis. Itis impcztant to note that the tLst procedu, h'as introduced
a statistical bias into the data 4hich makes it impossible t,:'.determine the slope oa, the Goodman line . a Rimple,
straight-linn, least-siumres fit to the teat points. Instead,the slope of the line must be established from previous knowl-edge of the material behavior,, The slopes of the mean Good .nlines shown in Figures 13 and 14 were selected using the typi-
cal constant-like fatigue diagrams for AlSI 4340 saceel (bar)and annealed Ti-6A1-4V alloy (bar) shown in reference 3. Theslopes shown in Figures li an.d .14 may at first appeax to be
too flat; however 1 their flatn••. is reasonable when one con-siders that maxirmm stresses on, a section ari piotted rathnr
than an average stress1 as done in reference 3,

Allowable Stiesses

The calculated stresses for the teste were inte.p reted to prr...
vide estimates of probable fatigue strength for use in theproposed method for lug analysis,. This section descrYbes thestatistical procedures used and presents the strength ýý3sti-
mates. The objective ox: the statistical analysis was to
establish one-sided lower tolerance limits for fatigue
strength at 107 cycles. Such limits have the followingproperty: With a confidence Y, at least p percent of thepopulation will have a strength greater than the one-sided
lower tolerance limit, i - ka, where R and s are computed
from a sample size of n.
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An inspection of Figures 13 and 14 shows that the calculated
stresses for the tests which used a high interference demon-
strated less scatter than those for low or medium interfer-
ence. For this reason, the lug tests were considered to be
samples from four different populations:

Steel lugs with low i/D
Steel lugs with high i/D
Titanium lugs with low i/D
Titanium lugs wtth high i/D

Estimates werc made for each population using the assumption
that at a common mean stress, the logarithm of the fatigue
strength is normally distributed. The test alternating
stresses were transferred to a common mean stress (70 ksi for
steel lugs: 45 and 55 ksi for titanium lugs with low and high
i/D, respectively) using the slopes for the modified Goodman
line shown in Figures 13 and 14. The sample mean, if, and
standard deviation, s, were calculated for each sample using:

x n xi, and s = [•(x, - •)2 Jl/2

where xi = logl 0 test alternating stress

n - sample size

E= summation from 1 to n.

One-sided tolerance limits were calculated for the sample
from each population using R - ks, where k is a one-sided
tolerance factor which can be found in reference 1.

The test data and the tolerance limits are shown graphically
in Figures 15, 16, and 17. The individual tests in these
figures were positioned using the method of median ranks.This method pl~ces; the test points in the median expected
positions for all possible samples of the same size taken
from the population. The tolerance limits in Figures 15, 16t
and 17 are shown to low probabilities of failure, Car beyond
the test data. It ia important to note that such estimates
contain an element of conjecture. They are accurate only if
the population is normally distributed, as assumed. For the
tests reported herein, this assumption appears to be reason-
abley however, the true distribution cannot be known without
a much larger number of tests. The justification offered for
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extniadtnq the ent-imatebh to low proba) i ities of' failure 1.0
t.hl&t thOF( i It~ need for' 1uq dssifqna witf, low proabi~liity of
fa~t lure, and in I iou of stat, iat tcal. proc~ison this methiod
oftt4rf4 a loqtical adju~totmnt of availabled.

The allowable strt-sses for typical. probabiities of failure
usod in lug design are summiarized in Table V.

TBEV. ALLOWABLE ALTERNATING TANGiENTTAL STRE-SSES (KSI)
FOR 1.07 CYCLES.

Steel Titanium

p ~Low i/D Ifigh i/I) Low i/I) High i/I)

.50 .50 29.8 31.3 25.1 21.8

.10 .90 18.7 27.5 16.6 17.7

.001 .90 10.6 23.3 10.0 13.6

The allowable alternating stresses in Table V are applicable
in the strictest sense only to a mean stress of 70 kai for
steel lugs and 45 ksi and 55 ksi for titanium lugs with low
and high i/I), respectively. However, in view of the flntness
of the modified Goodman diagrams shown in Fi~gures 13 and 14,
the allowable alternating stresses in Table V may be regarded
with engineering accuracy as independent of mean stress if
the m,. Yimurn streq'neq Eire wit~hii thie r~ange o! thoja encounter-
ad in this test series, 115 kai for steel and 85 knl for
titan m
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DE I G(N CIIA AITS

In many casee s, i desigrer can make a direct se.lection of lug
proportions to achieve a desired load capacity by using the
charts in Figures 18 through 23. These charts also provide
a picture of attainable performance because the parameters
were select.ed to cover the range of practical interference
fits and probabilities of failure, in all 24 charts are
presented: 12 for steel lugs, and 12 for titanium lugs. The
materials correspond to those tested in this program, namely:

AISj 4340 alloy steel, 1,eat treated to Ftu = 175 ksi

Ti-6A1-4V alloy titanium, annealed, F tu , 130 ksi

Both materials were shot-peened with shot size SAE 330, in-.
tonsity 12-14A2. For each material, charts are presented for:

3 directions of load Op - 00, 450, 90*
2 probabilities of failure p - .10, 001
2 levels of interference

for steel i/D - .001, .004
for titanium i/D = .001, .005

For all curves, a stnel liner with D/d - 1.184 was used. This
value corresponds to that used in the tests.

The solid-line curves in the design charts were prepared using
the proposed method for calculating fatigue strength and the
alternating stress allowables from Table V. The solid-line
curves were terminated at a maximum calculated stress of 115
ksi for the steel lugs and 85 ksi for the titanium lugs.
These stress levels correspond approximately to the maximum

the high-press-Lrt cases, the solid-line curve is a straight,
horizontal line. This corresponds to the fact that a maximum
steel stress of 115 ksi or titanium stress of 85 ksi was
still on the initial slope of the stress-versus-load relation-
ship shown in Figure 10. For the low-press-fit cases, the
solid-line curve has an S-shape. This is a consequence of
progression over the slopes of the stress-versus-load rela-
tionship. The design curves shown 'lerein were faired slightly
to account for the fact that the transition from one slope to
another is, in reality, smooth rather than abrupt.
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The dotted-line portions of the curves are simple straight-
line connections to the ultimate strength, which was calculated
using the method of Melcon and Hoblit, reference 2. It is
important to emphasize that the dotted portions of the curves
are conjectured performance. Only the end points of the dotted
curves have a basis in test experience. The following example
illustrates the use of the design curves.

Giveng A steel lug is required to support an axial load
of 50 kips 2-i0 kips for 107 cycles. A liner
with high interference fit can be used. The
diameter of the pin is 1.5 inch-es. The
thickness of the lug is .75 inch.

Required: Width of lug to provide a probability of
failure of less than p = .001.

Solution: Use i/D = .004
D/d = 1.184

Then i = .0071 in.
D = 1.776 in.

DT = 1.125 sq. in.
Pmean/DT = 50/1. 125 = 44.4 ksi
Palt /DT = 10/1.125 = 8.88 ksi
From Figure 18, W/D = 1.58
Therefore, use W = 2.81 inches

The reader is cautioned to note that several scales are used
for the alternating stress in the design charts. These scales
were selected to produce easy-to-read curves and a compact
presentation. However, the use of different scales for the
ordina' and abscissa causes a line of constant stress ratio
R to h, a different slope than customary on a conventional
constant-life diagram. All curves shown in the design charts
start at R = 0. Extrapolation of the curves to lower mean
stresses than shown in the charts would correspond to loadings
which reversed in sign (from tension to compression) during
each load cycle. The performance of lugs under such condi-
tions has not been investigated in this program. It is antic-
ipated that lug performance could fall off, particularly if
the pin permitted dynamic loads to develop. A possible
relationship is shown in Figure 24.
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INTERACTION EQUATION FOR OBLIQUE LOADS

-. -4 . _ - . ..

In reference 2, Melcon and Hoblit described the static
strength of obliquely loaded lugs using the interaction
equation

1 .6  +R -6Ra a tn

where axial component of load

allowable axial load

transverse component of load

= allowable transverse load

In the present programprocedures for analysis are presented
which permit the direct calculation of stresses for oblique
loadings without use of an interaction equation. However, it
is interesting to note that the interaction equation appears
to be approximately correct for fatigue strength of well as

for static strer~gth. The equation was used to predict theallowable alteriatirg load for ep 450 with a load ratio R-O

fez the cases shown in the desig•n charts. It was found that
the differences between the analysis f ethod and the inter-
action equation covered a range of -8.5 to +4.4 percent with

an average difference of less than 1 percent.
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REVIEW OF LUG LITERATURE

The present program is a linique effort combining theoretical
and experimental work to provide a unified and practical solu-
tion to the problem of" design of fatiquo-loaded lugs. It has
been preceded by many individual effortn. contributions from
the fields of theoretical mechanics, photonlasticity, %train
measurement. and fa*ique tests can be readily found in the
literature, and much of the prominent work is listed in the
references of this report. The theoretical and photoelastic
work has the advantage of providing a complete stream distri-
bution throughout the lug so that location and magnitude of
maximum stresses are known, However, the choice of the prope,
failure theory and the influence of fretting, friction, and
interference fit are factors that tend to make the applicabil-
ity of these results to fatigue-loaded metal parts less direct
than is desirable. Fatigue testing, not supported by a gener-
alized theory, yields specific information on iso]at-ed config-
urations but not a unified approach to the problem of pre-
dicting actual lug fatigue performance. The literature re-
ports many prior efforts that have contributed to the present
understanding of the subject, some of which are reviewed in
the following discusgion.

Frocht, in reference 4, presents a compilation of photoelas-
tic and strain measurement data for axially loaded lugs
(Op = 0) that show excellent agreement and complement each
other well. The figures presented in this source have been
widely referenced and used in the design of single pin con-
nections. Figure 6.12 of that reference shows stress concen-
tration factor, fmax/faverage, plotted versus the ratio of
hole diambter to tug width, and the basic curves are repro-
duced here as Figure 25. Also shown in Figure 25 for com-
parison purposes are the calculated stress concentration fac-
tors derived in the present program. It will be noted that
there is eycellent agreement at the higher edge distances,
W/D - 1.69 and 2.I1; but at the lower value W/D = 1.3, the
notch factor calculated in this program falls slightly below
Frocht's curves. It should be noted that this point coin-
cides with the limit of data available in that reference.
The actual curves are terminated at a notch factor slightly
less than 2.0 and exhibit a downwar4 slope for lower cdge
distance lugs. Considering the extremes of lug geometry where
hole diameter approaches lug width (D/W = 1.0), the notch fac-
tor for this case is of some interest since it would assist
in locating the curve for ]uge of very low edge distance. It
may be reasoned that an extremely thin strap of material sur-
rounding a hole that was filled by a neatly fitting pin could
not have a significant stress gradient across its thickness.
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References 7 and 1) report the results o!' photoelastic investi-
gations of lugdsuatbjected to nonaxial loading through single
pins. The reofren.e I study includes the influenc, of inter-
felence fi1t and concludes that tho stress concentration factor
based upon shear stress continues to increase and is a maximum
for 900 loading. However, many individual data points presen-
ts.' in that report show a slight decreAse for the final 900
point# particularly for the higher levels of press fit in-
vestigated. Reference 8 shows the variation of apparent
stress concentration factor (based on mnaximumi observed fringe
or-der) versus angle ot loading for lugs without interference
fit and alhows an almost linear variation with angle of load-
ing. Separation of principal stresses was not attemtpted1 and
it is therefore aasurned th.At the maximum fringe count again
represents a measure of shear strees. The data presented in
reference 8 mhow a smooth variation with a maximum stress
concentration factor for a 900 loading,, The calculations
projented in the Analysip Procedure section of this report
yield a variation of stress concentration factor with angle
of load applic~ation which peaks in the range of 600 to 750
orientation, as shown in Figure 28, and is slightly lower at
the 900 position.. This figure is based on a stress concen-
tration factor which considers only normal stress tangential
to the lug bore. This is the stress that has beepn found to
be most directly related to the fatigue failure mode and
location obsierved in th's program.



Lambert and liralley present. in reference 9 a study of the
effeot of the coefficient of friotion betwoen pin and Ilg on
streos distribution in the lug. Their work is Waood on a
photoolastically determined shear stress concentration factor
and clearly illustrates the occurrence of slip between lug
and liner on the first cycle of loading. Thereafter, reold-
ual shear traotions are puesent during subsequent cycles of
loading. rurther slip beyond the first cycle was not ob-
served in this photoalaot i study, although the persistent
appearance of fretting in the bore of fatigue-loaded metal
lugs with or without interference-fitted liners demonstrates
its presence at least on a minute scale. The fact that the
friction introduoes shears to the surface of the lug bore at
approximately the location of the maximum shear stress pro-
vides an additive influence that may not be of comparable
significance in generating fatigue failures in metal lugs.
The role that relative motion and friction play in establish-
ing fretting and debris in the lug bore is thought to be of
far greater significance than its influence on stress dis-
tribution.

In reference 10, Ligenza suggests the existence of an optimum
interference fit freo reduction of cyclic stresses in lugs.
The optimization results from a balance of the increase in
steady stresses against the reduction in cyclic stresses, ano
since the latter are of far greater significance, relatively
high levels of steady stress usually result. For the stael
aWd tit&nium lugs treated in this program, it was found that
tht level of interference was limited by practical considera-
tions of attainable thermal size change even when using
liquid nitrogen to chill the liners. Therefore, in this case
the optimum was the maximum interference possible without
heavy force fitting of the liners which would risk damage to
the lug bore. For lug s of lower modulus or liners of substan-tially heavier wall, it is possible that steady stressesvould limit the interferencel however, such a study was be-
yond the sccpe of the present program.
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ANA!YSIS PR pHOCE DLURtE

ECLASTIC STREl-,S,""

This section gives valuies for Kbr, ft, and f and describes

how the data were obtained. With the data herein, the
stresses can be calculated for a wide range of lug geometries
and loadings.

A computer calculated elastic stresses and deformations with-
in lug. for severa) geometries and loadings. Volume XI of
this report describes the oonguter program in detail and
941ai5 complete examples of its application to lug analysis.
The computer program used the finite-element method, which
analyzes the lug as an assembly of smNll elements. The
attraction of this method for lug analysis is its great ver-
satilityl it in cimpabla of analyzing a lug of any geometry
for any direction of ioading in the plane of the lug. The
method is approxima,-e because it places restrictions upon the
form of the strains that can occur within the elements. How-
ever, comparisons of finite-element solutions with known
exact solutions have shown that the stresses and deflections
from a finite-element analysis are nearly correct if the
elements are small in relation to the strain gradients. Such
is the case for the solutions reported herein. Figure 26
shows the idealization of the lug assembly for finite-element
analysis. This idealization has 266 elements that meet at
258 node points. The computer output includes the stress in
each element and the deflection at every node point. An im-
portant feature of this idealization is the system of radial
links. One set of links connects the pin to the linerl
another set connects the liner to the lug. These links per-
form two functions that are essential for a true representa-
tion of the behavior of a real lug:

1. They allow tangential motions to occur between
the pin, the liner, and the lug.

2. They allow radial gaps between the liner and the
lug to be created or eliminated by the appro-
priate omission or retention of the radial links.

To obtain the data herein, the computer analyzed two types
of loading: that from a mechanical force applied to the pin
and that from an interference fit between the liner and the
lug. The interference fit was introduced by specifying an
appropriate temperature rise for the liner. The mechanical
force was introduced by specifying a concentrated force at
the center of the pin.
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Concentration Factor for Tangential Stress

Figures 27 and 28 present vilues for Kbr to be used for lug
analysis* and Figure 29 shows the angular position at which
the maximum stress occurs. The data shown in these figures
correspond to the idealized lug conditions that are shown
and described in Figure 10, Case 3. wherein only radial com-
pressive stress is assumed to exist between the lug and the
liner. Figures 27, 28, and 29 constitute a concise sunisary
and an extension of the results of the finite--element analy-
ses. The data points shown in there figures correspond to
the specific geometries for which calculations were made.
The curves can be used for either steel or titanium lugs.

During the course of the work, additional information of gen-
eral background interest concerning the state of stress in
lugs was developed which never found direct application in
the method adopted herein for predicting the fatigue strength.
Some of this information is presented in Figure 30 and
Table VI, Figure 30 provides a more detailed look at the
state of stress around the entire periphery of the bore of a
lug for several orientations of load. The lug had the dimen-
sions of a test lug with W/D - 1,71 the load was 1 kip.
Table VI sunmmarizes the values of Kbr and O. that were ob-
tained from the finite-element analyses. It is noted that
data are included for the behavior of lugs with idealized
behavior corresponding to Cases 1, 2, and 3 shown in Fig-
ure 10. The data for Case 3 were used to prepare Figures 27
through 29.

Tangential Stress From Interference Fit

I: The tangential stress fj in the lug caused by the interference
fit between the lug and the liner can be calculated by multi-
plying the Lami solution for tliick-walled cylinders (with
diameters d. Dr and W, and interference i) by an appropriate
modification factor Ki determined from Figure 31, The value
of Ki should be selected at Os D the angle at which the maxi-
mum stress from mechanical loading occurs.

The modification factors were obtained from finite-element
analyses of a steel lug with a steel liner that had D/d-
1.184. In the analysis it was assumed that friction prevented
relative tangential slippage between the liner and the lug.
Additional analyses using a titanium lug and a steel liner
produced essentially the same results; therefore, Figure 31
can be used for either steel or titanium lugs..
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TABLE VI. SUMMARY OF Kbr AND 0s FROM FINITE-ELEMENT ANALYSES

Kbr for Cases * a8 for Cases

dog 1 2 3 1 2 3dog

0 2,55 4.20 5.86 91. 100, 98.

1,30 45 3.08 5.51. 6.90 138. 144. 140.

90 3.26 5.56 6.90 148. 157. 155,

0 1.81 2.74 3.14 92, 99. 96,

15 3.11 116.

1.69 30 3,55 131.

45 2,25 3.61 4.17 138. 144. 142.

60 4,45 147.

90 2.34 3,58 4,14 148. 156. 159,

0 2.01 2.28 98. 94.

2.10 45 2.62 2.99 143. 142.

90 2,60 2,91 157, 158.

* The cases are described in Figure 10.
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Bearing Stress for Gap

The bearing stress f can be calculatud by dividing the Lame
solution for radial pressure between two thick-walled cylinders
(with diameters d, D, and W, and interference i) by a factor
Kr determined from Figures 32 and 33.

These factors were found from finite-element analyses, which
assumed that only radial forces existed between the liner and
the lug around the entire bore. These analyses used D/d =
1.184. The factor Kr has a physical interpretation. It is
the average radial tension stress that existed in the idealized
links over a 90-degree arc of the bore in a position approxi-
mately opposite to the direction of loading for a loading at
the pin corresponding to P/DT = 1.0.

67



6 -Y-WrT-TY-1 t l 1 I 11 111 V I WI 1W 1 1 II r • I '111 I VI v I 117

,5
Op (ldog

.4
45
390

STEEL LUGS

•6 "-T---r-rT -t-r---r- --I r-T-r'"T- - -I-rr - T r-r'r T-Yri--- I 'T 1-1 1-T --, I F--T F-vTr'

f ~~45 pdg
opt~, dogj

90O

e3

.2 TITANIUM LUGS

.1

0 . . . .. . . . . l , , , , 1, , , , . .. . i,, ,, , , , ,, I ,, ..

0 1 2 3 4 5

D/(W-D)

Figure 32. Radial Stress Factor Kr Versus
Ratio of Diameter to Net Section.

68



.15

.4

1.30

".2 - ----- • 1.69

7. 3

21.0

. TINEEL LUGS "

0 L•• -,L--••L..._L..•..• A

o6 _-_-_________' ' I _ I * I ' " ' ! *•..

.5

91.69

• .2 
2. 3.0

.1 .- TITANIUM LUGS

0 15 30 45 60 75 90 105 120 i

Opp# deq

Figure 33. Radial Stress Factor Kr

Versus Load Angle.

69



This t,,.4asIlo shows lia con.,tr'ution and us% of a stress-veromu-
load relationahip and a design curve.

Given,

A stoel lug with a steel liner Le loaded by a mean
load ProqAn and a superimposed alternating load Palt-

E - 29,000 kni
d - 1.000 in.
D - 1.184
• - .500 in.
W - 2.000 in.
i/D - .001

p - 450 P moan " Palt

It is deaired that the life exceed 107 cycles with
p - .10 and - .90.

Required:

(1) stress-versus-load relationship
(2) design curve
(3) allowable alternating load if the mean load -

12 kips

Solution fur (1):

The stress-versus-load relationship constructed here
is applicable to any steel lug with a steel liner
having the same E, d/D, i/D, and Op.

W/D - 1.69
D/(W-D) - l.1P4/.816 = 1.45
Kbr - 4.17 from Figure 27 or 28, Table VI
9- 142° from Figure 29, or Table VI

Ki .881 from Figure 31
Kr n .219 trom Figure 32 or 33

The calculations for f and fi involve the Lame'
solution for an interfzrence fit of two concentric
cylinders with diameters d, D, and W. The Lame`
solution can be found in reference 11.
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f - Lame radial stream between the cylinders/K
- Ki x JLame tange.tial streus at the bore of the

outer cylinder

f9- 4.784/.291 - 16.44 kni
- (.881) (7.480) - 6.59 ksi

C1 -1.3 2
C2 - .8 - (180-0) (7 i/D) .793
C3 - 2.6

Cl fg - 21.37 ksi

ClC2Kbrfg - 70.67 ksi

C3 fg - 42.74 kxi

C3fgKbr - 178.24 kni

The required relationship is:

Slope Kbr178.24

G)rA
~Id

E4J

"44
j m70.67

6.59
21.37 42.74

Bearing Stress P/Dt, ksi

Solution for (2):

The design curve was constructed using:
a) the stress-versus-load relationship from

solution (1),
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b) an allowable alternating stress Fa - 18.7 ksi
from Table V,

c) the maximum streas afm - 115 kul experienced
during tests shown in s gure 13, and

d) an ultimate static xtrength/DT - 99.45 ksi
calculated from Melcon and Hoblit, reference 2.

The required design curve is:

m 6.23

N3 4
S3.71r

o ( 5

6.23 15.14 25.09 99.45

26.47
Allowable Pmean/DT, ksi

The straight-line segments of the design curve are a
natural consequence of the stress-versus-load
relationship and an Fa which is independent oi mean
stress. Slight fairings of the lines at the junctions
would be appropriate; however, they are omitted here
for clarity in description of the curve.

Points 1, 2, and 3 correspond to changes in direction
of the stress-versus-load curve. Point 4 corresponds
to fm ,t 115 ksi and F. - 18.7 ksi. Point 5 is
the u~iate Wsatic strength calculated from Melcon
and Hoblit usi,.g a a erial ultimate strength - 175
ksi. The solid-li portion of the curve corresponds
to a maximum strer J,'ss than 115 ksi and thus is
within the experienc of the fatigue tests. The
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dotted-line portion of the curve corresponds to loads
that cause fmax to be greater than 115 ksi and thus
represents extrapolated performance.

The data for the points are shown below:

Point

Stress 1 2 3 4 5

fmin kei 6.59 33.27 70.67 77.60

fmax* ksi 43.99 70.67 108.07 115.00

Pmin/DT ksi 0 8.90 21.37 22.75

Pmax/DT ksi 12.47 21.37 28.80 30.18 --

Pmean/DT ksi 6.23 15.14 25.09 26.47 99.45

Palt/DT ksi 6.23 6.23 3.71 3.71 0

* f = fmin + 2Fa

Solution for (3):

Pmean/DT 20.27 ksi

Using the design curve,

Palt/DT = 3.71 + (25.09 - 20.27) (6.23-3.71) 4.93 ksi
(25.09 - 15.14)

Palt 4.93DT - 2.92 kips.

This result can be checked using the stress-versus-
load relationship. The alternating tangential stress
should be 18.7 ksi for P - 12.0 t2.92 kips.
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Pa±n/DT - (12. - 2.92)/.592 - 15.34 kai

PMax/DT - (12. + 2.92)/.592 - 25.20 knl

fmin - 6.59 + (15.34)(70.67 -6.59) - 52.59 kei

21.37

fmax - 70.67 + (25.20 - 21.37)(178.24 - 70.67)- 89.95

(42.74 - 21.37) kal

fait m .5 (fmax - fmin) 18.7 ksi, check
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CONCLUSIONS

1. The vibrating beam apparatus performed well and was a
practical and economical means for fatigue testing.

2. Reliable data were obtained for the long-endurance
fatigue strength of lugs containing interference-fitted
liners. The tests covered a significant range of lug
geometries, load orientations, and interference fits.

3. A rational analysis was developed for the long-endurance
fatigue strength of lugs containing interference-fitted
liners. The analysis-showed good correlation with test
results.

4. The finite-element method was a practical and flexible
tool for determining the elastic stresses in detail.

5. Allowable stresses were determined for high-quality
steel and titanium lugs for several probabilities of
failure.

6. Simple procedures were developed for the direct design
for long endurance of steel and titanium lugs containing
interference-fitted liners.

7. High interference between the liner and the lug signifi-
cantly improves the fatigue performance and reliability
for long-endurance applications. The greatest benefit of
interference is produced in steel lugs designed for low
probability of failure. For such lugs high interference
can nearly double the allowable alternating load.

8. Direct comparisons of allowable loads for steel and titan-
ium lugs can be made from the design charts. In general,
a steel lug is roughly 25 percent stronger than a titan-
ium lug of identical dimensions. An outstanding exception
to this generalization occurs in the case of a lug with
low interference fit designed for high reliability. For
such lugs the titanium and steel lugs have roughly equal
allowable alternating loads for moderately low load ratio
R.
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RECOMMENDATION

It is recommended that many important areas that were beyond
the scope of the present effort be considered for inclusion
in future programs for structural research. These areas
include the investigation of lug performance for additional
loading conditions, geometries, and materials. Additional
loading conditions of prime practical importance for heli-
copter applications are: high load ratio, high vibratory
load, and spectrum loading. The effort for high load ratio
would investigate the dashed-line regions on the design
curves reported herein. The work on high vibratory load
would be concerned with conditions that cause failure in less
than 107 cycles. The spectrum loading investigations would
determine the applicability of cumulative damage concepts
for high vibratory loads. Additional geometrical investiga-
tions would determine the optimum proportions for the liner
relative to the lug, the performance of lugs with non-
parallel sides, and the performance of lugs with variable
thickness. Investigations of additional materials should
include aluminum alloys, maraging steels, and filamentary
reinforced composites.
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APPENDIX

COMMENTS ON Kt AND Kbr FOR AXIALLY LOAD LUGS

This Appendix:

1. presents a relationship between Kt and Kbr,

2. uses the relationship to provide a useful boundary for
possible values of Kt, and

3. discusses approximate solutions for Kt and Kbr.

Relationship Between Kt and Kbr for Op - 0.

By definition,

maximum tangential stress - Kr P

maximum tangential stress
Kt average stress on net section

P (W-D) T
then, Kt Kr L P

Kt - Kbr 

(D)

Equation 1 is the required relationship. This equation shows
also that the parameter (W-D)/D is a natural a±bscissa for
plots of Kt because the curve will approach a Ltraight line
as Kbr approaches a constant value at large W/D. Similarly,
D/(W-D) is a natural abscissa for a plot of Kbr, as shown
by Figure 27.
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Boundary for Kt with ep - 0.

Frocht in reference 4 shows that Kbr is always greater than
1.0 and approaches 1.0 as a limit at D/W = 0. If we
substitute Kbr - 1.0 into Equation 1, we get the desired
boundary for Kt, thus:

W-D
Xt >w-D

Kt W -1 (2)

This boundary can be plotted onto conventional plots for Kt
duch as that shown in Figure 25, The boundary is a useful'
guide for extrapolating curves or for checking on the extrap-
olations of others. According to the reasoning presented
here, no curve for an axially loaded lug without interference
between the pin and the lug can lie below Equation 2,

Approximate Solutions for Op = 0.

Page 192 in reference 2 contains a very interesting footnote
which states:

"It will be found that an first approximation, for closely
fitting pins and H/W greater than unity, the maximum tension
equals the sum of the average bearing stress plus 1.5 times
the nnminal tension."

Thus,

f f +1.5fmax average average
bearing tension

P Pf -- +1. 5
max DT (W-D)T
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fmax -- I + 1.5

fmax DT

Kbr - mxDP

Kbr 1 + 1.5

Comrbining Equations 1 and 3, we get

Kt- (WR) + 1.5 (4a)

Kt= D + .5 (4b)D

Bquations 3 and 4 are the required approximate solutions.

It is noted that according to Equation 3, Kbr should be a
straight line with a slope of 1.5 when plotted against the
parameter D/(W-D). This is quite consistent with the plot
shom in Figure 27.

If Equation 4b is plotted onto Figure 25, it will be seeui
that Equation 4b is an excellsnt mean fit to the curves.
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